Abstract. We classify non-symplectic automorphisms of odd prime order on irreducible holomorphic symplectic manifolds which are deformations of Hilbert schemes of any number n of points on K3 surfaces, extending results already known for n = 2. In order to do so, we study the properties of the invariant lattice of the automorphism (and its orthogonal complement) inside the second cohomology lattice of the manifold. We also explain how to construct automorphisms with fixed action on cohomology: in the cases n = 3, 4 the examples provided allow to realize all admissible actions in our classification. For n = 4, we present a construction of non-symplectic automorphisms on the Lehn-Lehn-Sorger-van Straten eightfold, which come from automorphisms of the underlying cubic fourfold.
Introduction
The study of automorphisms of K3 surfaces has been a very active research field for decades. The global Torelli theorem allows to reconstruct automorphisms of a K3 surface Σ from Hodge isometries of H 2 (Σ, Z) preserving the intersection product; this link, together with the seminal works of Nikulin [43] , [42] , provided the instruments to investigate finite groups of automorphisms on K3's. In recent years, the interest in automorphisms has extended from K3 surfaces to manifolds which generalize them in higher dimension, namely irreducible holomorphic symplectic (IHS) varieties. Results by Huybrechts, Markman and Verbitsky, which provide an analogous of the Torelli theorem for these manifolds, allow to use similar methods, studying the action of an automorphism on the second cohomology group with integer coefficients (which carries again a lattice structure, provided by the Beauville-Bogomolov-Fujiki quadratic form).
A great number of results are known for automorphisms of prime order on IHS fourfolds that are deformations of the Hilbert scheme of two points on a K3 surface (so-called manifolds of K3 [2] -type). The symplectic case (i.e. automorphisms which preserve the symplectic form) is covered in [17] and [39] ; in turn, the study of non-symplectic automorphisms was started by Beauville [7] and has seen many relevant contributions, culminating in a complete classification of their action on cohomology ( [11] , [9] , [48] ). Explicit constructions of automorphisms realizing all possible actions in this classification have been exhibited throughout the years (see [44] , [11] , [40] , [20] ), with the exception of the (unique) automorphism of order 23 whose existence is proved in [9] .
Far less is known, in general, about non-symplectic automorphisms of manifolds of K3
[n] -type when n ≥ 3. In [31] , Joumaah studies moduli spaces of manifolds X of K3
[n] -type with non-symplectic involutions ι : X → X, providing also a classification for the invariant lattice H 2 (X, Z) ι * = v ∈ H 2 (X, Z) : ι * (v) = v . This classification, however, is not entirely correct: in the upcoming paper [19] , by the two authors and Andrea Cattaneo, we will rectify the mistakes and provide some additional insight on non-symplectic involutions.
In this paper we construct a general theory of non-symplectic automorphisms of odd prime order p of manifolds of K3
[n] -type, for any n ≥ 2. In the case of fourfolds of K3 [2] -type, the authors of [11] discovered that the classification of non-symplectic automorphisms was fundamentally richer for p = 2, rather than for p odd. In the more general setting of manifolds of K3
[n] -type, we show that many additional cases appear whenever p divides 2(n − 1). This is also one of the reasons why non-symplectic involutions deserve to be discussed separately, since 2 divides 2(n − 1) for all n ≥ 2.
If X is of K3
[n] -type, an automorphism σ ∈ Aut(X) is uniquely determined by the associated isometry σ * ∈ O(H 2 (X, Z)). In turn, it is possible to describe σ * by means of the invariant lattice T = H 2 (X, Z) σ * and its orthogonal complement S = T ⊥ ⊂ H 2 (X, Z). As a lattice, H 2 (X, Z) is isometric to the abstract lattice L := U ⊕3 ⊕ E ⊕2 8 ⊕ −2(n − 1) , therefore we can fix an isometry η : H 2 (X, Z) → L and consider T and S as orthogonal primitive sublattices of L. After recalling, in Section 2, some well-known results which we use throughout the paper and fixing the notation, in Section 3 we study the properties of the pair (T, S) in the non-symplectic case. The isometry classes of the two lattices depend on three numerical invariants of the automorphism: its order p and two integers m, a such that rk(S) = (p − 1)m and
. We say that a triple (p, m, a), with p prime, is admissible for a certain n ≥ 2 if there exists a non-symplectic automorphism of order p on a manifold of K3
[n] -type whose invariant and coinvariant lattices T, S are as above. Using classical results in lattice theory, mainly by Nikulin [43] , it is possible to find a list of all admissible triples (p, m, a) for each value of n. Our first main result, which is purely lattice-theoretic, concerns the classification of pairs (T, S) corresponding to a given admissible triple. Notice that, if p is odd, the first instance where p 2 | 2(n − 1) is for n = 10, p = 3. Combining Theorem 1.1 with the previous study of the action of a non-symplectic automorphism on cohomology, we provide (in Subsection 3.4 and Appendix A) the complete list of admissible triples (p, m, a) and of the corresponding (unique) pairs of lattices (T, S) when n = 3 and n = 4, which are the cases of most immediate interest.
The remaining part of the paper is dedicated to constructing examples of nonsymplectic automorphisms of odd prime order. For manifolds of K3 [2] -type, in [11] the authors prove that natural automorphisms of Hilbert schemes of points (which come from automorphisms of K3 surfaces) allow to realize all but a few admissible pairs (T, S); the residual cases (except for the aforementioned automorphism of order 23) are constructed as automorphisms of Fano varieties of lines on cubic fourfolds. For n ≥ 3, it is necessary to expand our pool of tools. Induced automorphisms on moduli spaces of (possibly twisted) sheaves on K3 surfaces, studied in [40] and [20] , directly generalize natural automorphisms and allow to realize many new pairs (T, S): we show, in Section 5, how to apply these constructions when n = 3, 4. Admissible pairs (T, S) where T has rank one require special attention. There are only four distinct triples (p, m, a) which determine pairs of lattices (T, S) with rk(T ) = 1: two for p = 3 and two for p = 23. However, for a fixed n at most two of them are admissible (no more than one for each value of p ∈ {3, 23}). We study these four cases in Proposition 3.15, providing the corresponding isometry classes of the pairs (T, S): even though they can never be realized by natural or induced non-symplectic automorphisms, we prove the following result.
Theorem 1.3. Let (p, m, a) be an admissible triple for a certain n and (T, S) the corresponding pair of lattices. If rk(T ) = 1, there exists a manifold X of K3
[n] -type and a non-symplectic automorphism f ∈ Aut(X) of order p with invariant lattice T f ∼ = T and (T f ) ⊥ ∼ = S.
The proof of this statement (Proposition 4.4) is not constructive, since it employs the Torelli theorem for IHS manifolds. However, in specific cases it is possible to provide a geometric construction of the automorphism. In Section 6 we focus on one of these pairs of lattices (T, S) with rk(T ) = 1, corresponding to the admissible triple (3, 11, 0) for n = 4. which we will often use, are the negative definite lattices A h , E r corresponding to the Dynkin diagrams of the same names, for h ≥ 1 and r ∈ {6, 8}. We also define the two following lattices:
The dual lattice of L is L ∨ := Hom Z (L, Z), which admits the following description:
Clearly, L can be seen as a subgroup of L ∨ of maximal rank, thus the quotient
We denote by discr(L) the order of the discriminant group, while the length l(A L ) is defined as the minimal number of generators of A L . If A L = {0}, the lattice L is said to be unimodular : an example of unimodular lattice is the (unique) even hyperbolic
for a prime number p and a nonnegative integer k, then the lattice L is said to be p-elementary: in this case,
For an even lattice L, it is possible to define the discriminant quadratic form q L : A L → Q/2Z by extending (·, ·) to L ∨ and then passing to the quotient (see for instance [23, §1.2] ). If A L is a finite direct sum of cyclic groups A i , we write 
A lattice isometry of L induces in a natural way an isometry of (A L , q L ), as explained in [23, §1.2] : in this way it is possible to define a canonical homomorphism between the orthogonal groups O(L) → O(q L ). We will denote byψ ∈ O(q L ) the image of ψ ∈ O(L) under this homomorphism; similarly, an isomorphism of lattices ϕ :
The signature of a lattice L is the signature of the R-linear extension of the bilinear form (·, ·) to L ⊗ Z R; together with the discriminant quadratic form q L , it defines the genus of L (see [43, §1] 
It is therefore possible to define the signature (mod 8) of a finite quadratic form q: sign(q) = l (+) − l (−) (mod 8), where (l (+) , l (−) ) is the signature of an even lattice L such that q L = q.
We adopt the notation of [16] . 
. This means that, if S is a p-elementary lattice with discriminant group of length k, the form q S on A S can only be of two types, up to isometries:
Remark 2.4. The signatures (mod 8) of the discriminant forms w ǫ p,α were computed in [52] (see also [43, Proposition 1.11.2]): in particular, sign(w
This means that the quadratic form of a p-elementary lattice (p = 2) is uniquely determined by its signature (see [46, §1] for additional details).
We recall that a sublattice M ⊂ L is primitive if the quotient L/M is free; analogously, an embedding of lattices i : S ֒→ L is primitive if i(S) ⊂ L is a primitive sublattice. 
In particular, T is isomorphic to the orthogonal complement of i(S) in L. Moreover, two quintuples Θ and Θ ′ define isomorphic primitive sublattices if and only
Monodromies and global Torelli theorem for manifolds of K3
[n] -type. An irreducible holomorphic symplectic (IHS) manifold is a complex, smooth, compact, Kähler manifold X such that H 2,0 (X) = Cω X , with ω X an everywhere nondegenerate two-form. Examples of IHS manifolds are provided by K3 surfaces and, for any n ≥ 2, Hilbert schemes of n points on them, as well as their deformations, which are known as manifolds of K3
[n] -type. If X is an IHS manifold, the second cohomology group H 2 (X, Z) admits a lattice structure, using the non-degenerate bilinear form of signature (3, b 2 (X)−3) due to Beauville-Bogomolov-Fujiki (see [6] ). An automorphism σ ∈ Aut(X) of prime order p is non-symplectic if σ * ω X = ξω X , where ξ is a primitive p-root of the unity. By [5, §4] , the existence of a nonsymplectic automorphism on X guarantees that X is projective.
The global Torelli theorem for IHS manifolds ( [27] , [50] 
the monodromy group of L: it is an arithmetic subgroup of O(L) and it is independent on the choice of the marking, inside a connected component of the moduli space of marked pairs (X, η) (see [37, §9] ).
If X is a manifold of K3
[n] -type, n ≥ 2, the second cohomology lattice H 2 (X, Z) has rank 23 and it is isometric to L = U ⊕3 ⊕ E ⊕2 8 ⊕ −2(n − 1) . In this case, we have a very explicit description of monodromy operators on L. Let N be the subgroup of O(L) generated by reflections with respect to classes of square −2 and by the negative of reflections with respect to +2-classes. Then, combining results of Markman ([36, Theorem 1.2]) and Kneser ([32] ), we obtain the following description.
In the statement of the theorem, as usual,ḡ is the isometry induced by g on the discriminant group, while sn R denotes the real spinor norm: for an even lattice G, we define sn
• ρ vr as a product of reflections with respect to vectors v i ∈ G R (in particular, by Cartan-Dieudonné theorem, r ≤ rk(G)).
Isometries induced by automorphisms of odd prime order
The aim of this section is to study the action of non-symplectic automorphisms of odd prime order on the second cohomology lattice of manifolds of K3
[n] -type. We will focus our attention on determining the properties of the invariant sublattice and of its orthogonal and we will show how to classify, for any n, their isometry classes by use of numerical parameters related to their signatures and lengths. This classification is explicitly discussed for n = 3, 4 in §3.4. Moreover, in §3.3 we study in greater depth the cases where the invariant lattice has rank one.
3.1. Discriminant groups of invariant and co-invariant sublattices. Let X be a manifold of K3
[n] -type with an action of a finite group G = σ , where σ is a non-symplectic automorphism of prime order 3 ≤ p ≤ 23. The group G acts by pullback on
; following the notation of [13] , we will denote by
σ * the invariant sublattice of H 2 (X, Z) and by S = S G (X) := T ⊥ its orthogonal complement (the co-invariant lattice, as we will refer to it): they are both primitive.
Remark 3.1. If we choose a marking η : H 2 (X, Z) → L, then the invariant and co-invariant lattices of an automorphism of X can also be regarded as primitive sublattices T, S ⊂ L. We point out that a different marking η ′ will produce a pair of sublattices (T ′ , S ′ ) of L which is isomorphic to (T, S) in the sense of Definition 2.5. For this reason, we are interested in classifying the pairs (T, S) only up to isomorphisms of primitive sublattices in L.
We collect in the next proposition several results proved by Boissière-NieperWißkirchen-Sarti [13] and Tari [48] . Proposition 3.2. Let X be a manifold of K3
[n] -type and G = σ a group of prime order p acting non-symplectically on X. Then:
• There exists a positive integer m := m G (X) such that rk(S) = (p − 1)m;
• S has signature (2, (p − 1)m − 2) and T has signature (1, 22
is a p-torsion group, i.e.
If we consider T and S as sublattices of L, then T ⊕ S is a sublattice of maximal rank. The sequence of inclusions
Denoting by p T and p S the two projections from A T ⊕ A S to A T and A S respectively, their restrictions to M are injective (because T ֒→ L and S ֒→ L are primitive; see again [43, §5] ): the isomorphic images are
Since the discriminant groups are finite, we conclude p a | discr(T ), p a | discr(S). Moreover, the homomorphism γ : [n] -type. Then:
Proof. (i)
The isometry ψ acts trivially on A L ∼ = M ⊥ /M , from Theorem 2.8 and because ψ p = id with p odd (therefore ψ cannot induce − id on the discriminant A L ). This implies that, for any element (x, y) ∈ M ⊥ ⊂ A T ⊕ A S , we haveψ(x, y) − (x, y) ∈ M ; moreover, ψ acts trivially on the discriminant group
Since M is the graph in A T ⊕ A S of the anti-isometry γ : M T → M S we deduce thatψ(y) = y for any y ∈ p S (M ⊥ ). This means that the action of ψ is trivial on M ⊥ , not only on the quotient
(see [37, Corollary 9.5]). As we remarked in the previous point of the proof, the action of ψ on the discriminant A L is trivial: this allows us to extend ψ to an For fixed values of n ≥ 2 and p ≥ 3 prime, we write 2(n − 1) = p α β with α, β integers, α ≥ 0 and (p, 
Moreover, |A T | = p a βt and |A S | = p a s for some positive integers t, s such that
Using the fact that there is also a unique subgroup of order β inside A L , we conclude that N is isomorphic to the component Z βZ of A L . By Lemma 3.3, the action of the automorphism σ on N ⊂ M ⊥ is trivial and any element of p S (N ) is of p-torsion: we are lead to
we get ts = p α . The two integers t, s are therefore non-negative powers of p.
We are now ready to describe the structures of the two discriminant groups A T and A S . Proposition 3.5. Let X be a manifold of K3
[n] -type and G = σ a group of odd prime order p acting non-symplectically on X. Then one of the following cases holds:
Proof. If a = 0, the group M is trivial and A L ∼ = A T ⊕ A S . By Lemma 3.4 we deduce that there are only two possibilities:
The second case, though, is admissible only for α = 1, because we know that S is p-elementary by Lemma 3.3.
From now on we will assume a ≥ 1. Let us first consider the case α = 0: this implies β = 2(n − 1), t = s = 1. Then, using Lemma 3.4, we conclude
If α = 1 we have 2(n − 1) = pβ and ts = p. There are two possibilities:
is non-degenerate and the same holds for
by Proposition 2.2 we can write
non-degenerate, which again implies that also q S | MS is non-degenerate, i.e.
Therefore, if α = 1 (and a ≥ 1) both cases (i), (iii) appearing in the statement are admissible. Now assume α ≥ 2:
for suitable integers m i ≥ 0 such that i im i = 2a + α and i m i = 2a. Thus, the coefficients m i must satisfy α = i (i − 1)m i ; moreover, since we know that H contains an element of order at least p α , there exists j ≥ α such that m j ≥ 1. This leaves us with two possibilities for the choice of the coefficients m i .
•
Both cases are not admissible: by Proposition 2.2 (as we remarked discussing α = 1) we would need to be able to write, respectively,
T , but now this is not possible.
Disregarding the cases where A S = M S or (A T ) p = M T (which can be excluded as in the previous point) we are left with two alternatives: (2), where now i im i = 2a + α, i m i = 2a + 1 and as before there exists j ≥ α such that
, which gives rise to four possible conclusions:
The last two cases are excluded because S is p-elementary by Lemma 3.3.
Remark 3.6. We can make some additional remarks on the structures of the discriminant groups A T , A S recalling the following result. 
[n] -type and ψ ∈ Mon 2 (L) the isometry induced on L by an automorphism σ ∈ Aut(X) of prime order p ≥ 3. From Proposition 3.5 we know that discr(S) = |A S | is either p a or p a+1 . In particular:
• if p ∤ 2(n − 1) (i.e. α = 0), the groups A T , A S are as in Proposition 3.5, case (i), therefore a and m must be of same parity by Theorem 3.7.
• If p | 2(n − 1) (i.e. α ≥ 1), a and m are not required to have same parity: the structures of A T and A S are the ones given in Proposition 3.5 case (i) if a and m have same parity, the ones of cases (ii) or (iii) if a and m have different parity.
Admissible triples.
We are now interested in studying primitive embeddings of lattices T, S ֒→ L satisfying Proposition 3.2 and Proposition 3.5, assuming p ≥ 3.
For the purposes of this work, we restrict to α ≤ 1: notice that, since 2(n−1) = p α β, the first instance with α ≥ 2 occurs for n = 10, i.e. on manifolds of dimension 20.
Our main result is Theorem 3.12, in which we show that, under suitable hypotheses, starting from the values (p, m, a) defined in Proposition 3.2 it is possible to uniquely determine the isometry classes of T and S. To do so we first need to provide a characterization of primitive embeddings S ֒→ L for lattices S of this kind (Lemma 3.8 and Proposition 3.9). Finally, in Proposition 3.14 we describe all possible structures, up to isometries, for the discriminant quadratic forms q S and q T .
We recall that, by Proposition 3.2, the lattice S has signature (2, (p − 1)m − 2); moreover, by Lemma 3.3 it is p-elementary, with discriminant
, where k is the length of A S . Then (see Remark 2.4) there are only two non-isometric possible forms q S , the ones in (1).
Since
, then a trivial computation shows that:
Denoting by q α,β the quadratic form
Lemma 3.8. Let S be an even lattice with discriminant group
and let e ∈ A L be the generator of the component Proposition 3.5 are determined by triples (x, T, γ T ), with T of signature (1, 22
sublattices in L if and only if there exists an isometry
the subgroup generated by (x, e) and Γ ⊥ is its orthogonal complement with respect to the form
isomorphic sublattices in L if and only if there exists µ ∈ O(S) and an isometry
Proof. Each primitive embedding i : S ֒→ L is determined by a quintuple Θ i = (H S , H L , γ, T, γ T ) as in Theorem 2.6. Recalling that T is the orthogonal complement of i(S) in L, we ask sign(T ) = (1, 22 − (p − 1)m). We will discuss separately the cases α = 0 and α = 1.
(i) α = 0. Since p and β are coprime, the only possibility is H S = {0}, H L = {0} and γ = id. The embedding S ֒→ L is therefore determined by the pair (T, γ T ). In particular, we have:
This is coherent with case (i) of Proposition 3.5.
(ii) α = 1. We have again the case H S = {0} , H L = {0}, γ = id (which means that S and T are as in case (i) of Proposition 3.5, hence l(A T ) = k + 1). This case corresponds to the triples where x = 0 and it is described as for α = 0. Alternatively, provided that there exists an element x ∈ A S of order p such that q S (x) = q L (e), with e as in the statement, we can also take
p,1 , we can write the form q S as in (1), where at least one of the direct summands is of the same type of the w ǫ p,1 appearing in q L (the component corresponding to the subgroup H L ).
In this setting, the graph Γ of γ is the subgroup of A S ⊕ A L generated by (x, e); in particular, since Γ ∼ = Z pZ , the quotient Γ ⊥ /Γ cannot be isomorphic to A S ⊕ A L , meaning that we are not in case (i) of Proposition 3.5. Nevertheless, if α = 1 and k ≥ 1 the structures of the discriminant groups can also be as in cases (ii) or (iii), where l(A T ) = max{1, k − 1}: the embedding
Finally, for both values of α the stated results about isomorphic sublattices follow directly from Theorem 2.6. Lemma 3.8 allows us to list all possible primitive embeddings i : S ֒→ L satisfying Proposition 3.5 for a given lattice S. We now prove that, adding some extra hypotheses, the number of distinct isometry classes for i(S) ⊥ is actually very limited. 
, by Lemma 3.8 a (compatible) primitive embedding of S in L is characterized by a pair (T, γ T ), with T a lattice of signature (1, 22 
, by Theorem 2.3 T is uniquely determined, up to isometries. This assumption also guarantees that the natural morphism O(T ) → O(q T ) is surjective (Theorem 2.3 again), therefore different choices of γ T give isomorphic primitive sublattices S in L.
Assume now that we are not in one of the cases of point (i) (in particular, let α = 1 and k ≥ 1); moreover, suppose that O(S) → O(q S ) is surjective and k ≤ 20 − (p − 1)m. A compatible embedding i : S ֒→ L is determined by a triple (x, T, γ T ) as in Lemma 3.8. We make a distinction:
• Triples (0, T, γ T ) correspond to embeddings where
Then, as before, from the assumption k ≤ 20 − (p − 1)m we get that all these embeddings define isomorphic sublattices in L and that T is uniquely determined.
• If x = 0, the triple (x, T, γ T ) was obtained, in the proof of Lemma 3.8, from a quintuple We conclude that the isometry class of S as a primitive sublattice of L does not depend on the choice of
Adopting the terminology used in [11] , we provide the following definition. 
and the discriminant groups A T and A S are as in Proposition 3.5.
We can now rephrase Proposition 3.9 in the following way, taking into account the uniqueness of S too. . Notice, however, that the invariant lattices T corresponding to the two triples are non-isometric.
To conclude this subsection, we apply our results to explicitly list all possible quadratic forms q S , q T , up to isometries, on the discriminant groups A S , A T : by Lemma 3.8, we will need to discuss separately the cases α = 0 and α = 1 and to distinguish on whether −β is a quadratic residue modulo p. This classification of quadratic forms is needed for listing admissible pairs of lattices (T, S) for specific values of n and p. 
Proof. As explained in the proof of Lemma 3.8, case (i) corresponds to embeddings S ֒→ L determined by quintuples (H S , H L , γ, T, γ T ) with H S = 0, H L = 0; moreover, the quadratic form q S is as in (1), with k = l(A S ) = a by Proposition 3.5. This is the only possibility when α = 0; if instead α = 1, there may also be compatible embeddings S ֒→ L corresponding to quintuples with H S = 0 (see again Lemma 3.8): in this case, by the surjectivity of O(S) → O(q S ), as we showed in the proof of Proposition 3.9 the subgroup H S can be regarded -up to changing the generators of A S -as one of the direct summands in the representation (1) of the quadratic form q S . On the discriminant group of the orthogonal complement T ⊂ L, the quadratic form is then q T = ((−q S ) ⊕ q L )| Γ ⊥ /Γ , with q L as in (3) and q S as in (1), where now k = l(A S ) = a + 1 by Proposition 3.5.
Let's assume that −β is a quadratic residue modulo p, so that q L = w 
⊥ are the same as above, the form q T still arises as the restriction of
3.3.
A special case: rk(T ) = 1. In this subsection we focus on the cases where T has rank one, which correspond to maximal dimensional families of manifolds of K3
[n] -type equipped with a non-symplectic automorphism. Since T has rank one, rk(S) = (p − 1)m = 22: for p odd, this can only happen if p = 3, m = 11 or p = 23, m = 1. As before, we write 2(n − 1) = p α β, with (p, β) = 1. If α = 0, then a must be odd, because it needs to be of the same parity as m (Remark 3.6); in particular, a ≥ 1. Moreover
βZ , by Proposition 3.5; since rk(T ) = 1, then necessarily α = 0, a = 1. We conclude T = 2p(n − 1) (α = 0 means that p and 2(n − 1) are coprime).
If instead α ≥ 1, there are two possibilities:
βZ with α ≥ 1 and a ≥ 1. As a consequence l(A T ) ≥ 2, so T cannot have rank one.
• a even. By the classification provided in Proposition 3.5, T cannot be of rank one if a > 0. Hence
Moreover, we need to impose conditions on the orthogonal lattice S, using again Proposition 3.5. Since rk(T ) = 1, we can also use [26, Proposition 3.6 ] to determine the existence and the structure of such primitive sublattices T, S ⊂ L. We do it separately for the two possible cases we found.
• α = 0, a = 1, T = h , with h ∈ L primitive vector of length h 2 = 2p(n − 1).
By [26, Proposition 3 .6], the orthogonal lattice S has discriminant
, where f is the generator of the ideal (h, L) ⊂ Z. By Proposition 3.5 we know that A S ∼ = Z pZ , therefore discr(S) = p and we need f = 2(n − 1). Applying again [26, Proposition 3 .6], we can conclude that such a T exists if and only if −p is a quadratic residue modulo 4(n − 1). We rephrase these results as follows. 
Proof. The explicit description of the lattice S in the four cases is obtained by combining [26 
From Proposition 3.15 it follows, for instance, that the triple (3, 11, 1) is admissible for n = 2, as already observed in [11] , because −3 is a quadratic residue modulo 4: in this case, we have T = 6 . Similarly, (3, 11, 0) is admissible when n = 4 (here α = 1 and −3, again, is a quadratic residue modulo 4), with T = 2 . Instead, (3, 11, 1) is not admissible when n = 3, because −3 is not a quadratic residue modulo 8.
The triple (23, 1, 1) was already found to be admissible for n = 2 in [9] (where the authors also gave the isomorphism classes of T, S). By our proposition, this triple is admissible for n = 3, 4 too, since −23 ≡ 1 both modulo 8 and modulo 12. Finally, the first value of n such that (23, 1, 0) is admissible is n = 24, since 2(n − 1) = 46 = 23 · 2 and −23 is a quadratic residue modulo 4.
3.4.
Admissible triples for n = 3, 4. In this section we provide a complete classification of admissible triples (p, m, a) for n = 3, 4. In both cases, for any odd prime number p we have α ≤ 1, therefore Theorem 3.12 allows us to exhibit the lattices T, S (up to isometries) for each triple. This classification of the two lattices is achieved by direct computation for all possible triples (p, m, a), checking for each of them if lattices T, S as in Definition 3.10 exist or not. To do so, we apply Theorem [43, Theorem 1.10.1], which provides necessary and sufficient conditions for the existence of an even lattice with given signature and discriminant form.
Manifolds of K3 [3] -type.
• For p = 23 there is only one admissible triple, namely (23, 1, 1), as we already observed in §3.3: the isometry classes of S and T are given in Proposition 3.15, case (3).
• For all primes 5 ≤ p ≤ 19, the admissible triples and the lattices S are the ones listed for n = 2 in the tables of [11, Appendix A], while the lattices T can be obtained from the corresponding ones in the tables by switching −2 with −4 in their description, since now L = U ⊕3 ⊕ E ⊕2 8 ⊕ −4 . Notice that, with respect to [11, Table 5 ], by Remark 3.6 we can now say that the triple (13, 1, 0) is not admissible, neither for n = 2 nor for n = 3: in fact, for these values of n we have α = 0 for all possible primes p, hence m and a always need to have the same parity.
Example: (p, m, a) = (5, 5, 3). This triple is not admissible for n = 2 and it is checked to be still not admissible for n = 3. In fact, for these values of (p, m, a) the lattice S would be isomorphic to U (5) ⊕ E these two values do not satisfy the relation
2 (it follows from the fact that 3 is not a quadratic residue modulo 5). We conclude that a lattice T with such signature and quadratic form does not exist.
• For p = 3, Table 1 in Appendix A lists all admissible triples, with the corresponding isomorphism classes for T, S: as for higher primes, we can find many similarities with the analogous table for n = 2 ([11, Table 1 ]). However, there are also some significant differences.
• As we observed in §3.3, there are no admissible triples with m = 11.
• The triple (3, 9, 5) is now admissible:
while sign(T ) = (1, 4) and 
Manifolds of K3
[4] -type.
• For p = 23 we have that (23, 1, 1) is the only admissible triple (see §3.3): the isomorphism classes of T, S were obtained in Proposition 3.15.
• For primes 5 ≤ p ≤ 19, again the lattices T, S and all admissible triples are the ones listed in the tables of [11, Appendix A] (apart from (13, 1, 0), which is not admissible), up to replacing the −2 summand with a −6 summand in T .
• The last prime we need to consider is p = 3. This is the first case we encounter where an odd p divides 2(n − 1): in particular, 2(n − 1) = 6 = 3 α β with α = 1 and β = 2. Since we have α = 1, by Lemma 3.8 and Proposition 3.9 we know that we can expect to have many more admissible triples than the ones we found for p = 3 and n = 2, 3: in fact, the same lattice S might be embedded in L in two non-isomorphic ways. Table 2 (Appendix A) contains the list of all admissible triples and of the corresponding isomorphism classes for the lattices T, S. In particular, the triple (3, 11, 0) is admissible thanks to Proposition 3.15; some other triples, such as (3, 8, 6 ) and (3, 8, 
Existence of automorphisms
The classification of admissible lattices T, S presented in Section 3 does not tell us which cases can be realized by actual automorphisms. In this section we provide several tools to construct non-symplectic automorphisms of odd prime order on manifolds of K3
[n] -type, which are valid for any n ≥ 2. In particular, we are interested in two types of manifolds: Hilbert schemes of points on K3 surfaces and moduli spaces of (possibly twisted) sheaves on K3's. Moreover, in §4.3 we show that the existence of automorphisms which realize admissible pairs (T, S) where T has rank one can always be proved using the global Torelli theorem for IHS manifolds.
4.1. Natural automorphisms. Let Σ be a smooth K3 surface. An automorphism ϕ ∈ Aut(Σ) induces an automorphism ϕ
[n] on the Hilbert scheme Σ [n] , by setting ϕ
[n] (ξ) = ϕ(ξ) for any zero-dimensional subscheme ξ ⊂ Σ of length n (i.e. a point in Σ
[n] ). Such an automorphism ϕ [n] is said to be natural. By [6, Proposition 6], we have an injection i :
, C) compatible with the Hodge structures and such that
where [E] is the class of the exceptional divisor of the Hilbert-Chow morphism. In particular, if ϕ ∈ Aut(Σ) is a non-symplectic automorphism, then ϕ [n] will also act non-symplectically on Σ [n] . In fact, if
We conclude that all admissible triples (p, m, a) where T ∼ = T K3 ⊕ −2(n − 1) and S ∼ = S K3 , with (T K3 , S K3 ) the invariant lattice and its orthogonal complement for the action of a non-symplectic automorphism on a K3 surface, are realized by natural automorphisms. All possible isomorphism classes for the pairs (T K3 , S K3 ) can be found in [2] (order p = 3) and [3] (prime order 5 ≤ p ≤ 19), therefore it is immediate to check -for any n -which admissible cases admit a natural realization.
In the tables of Appendix A we mark with the symbol ♣ the triples realized by natural automorphisms. For n = 4 (Table 2) , it may not always be immediate to recognize the lattices T K3 of [2, Table 2 ] as direct summands in the lattices T we provide, since we often choose different representatives in the same isomorphism classes. In particular, we have the following isometries:
3) (they can all be proved using Theorem 2.3). The reason why we adopt different genus representatives for these lattices will become clear in §5.1 (Lemma 5.1).
Induced automorphisms.
A direct generalization of the notion of natural automorphisms is given by induced automorphisms, which were first introduced and studied in [45] , [40] and later extended to the case of twisted K3 surfaces in [20] .
We recall here the fundamental definitions and results (see [20, §2.3 , §3] for additional details and references). Let (Σ, α) be a twisted K3 surface, where
tor is a Brauer class. By [49, §2] , if α has order k then it can be identified with a surjective homomorphism α : Tr(Σ) → Z/kZ, where Tr(Σ) ⊂ L K3 is the transcendental lattice of the surface. Using the exponential sequence we can find a B-field lift of α, i.e. a class B ∈ H 2 (Σ, Q) such that kB is integral and the map α : Tr(Σ) → Z/kZ is just the intersection product with kB (see [28, §3] ). In particular, B is defined up to an element in In the case α = 0, which was already studied in [4] and [40] , it is possible to provide some additional details on the action of induced automorphisms. Let v ∈ H * (Σ, Z) be a primitive, positive Mukai vector; then M v (Σ, 0) is isomorphic to the moduli space M τ (v) of τ -stable objects of Mukai vector v, for τ ∈ Stab(Σ) a v-generic Bridgeland stability condition on the derived category D b (Σ) (see [15] for details).
By our previous discussion, the transcendental lattice of M τ (v) coincides with Tr(Σ), while its Picard lattice is isomorphic to
Since L K3 is unimodular, the action of an automorphism ϕ ∈ Aut(Σ) on L K3 extends to an action on Λ 24 which is trivial on (L K3 ) ⊥ (by [40, Lemma 1.4] ). Let T K3 , S K3 ⊂ L K3 andT ,Ŝ ⊂ Λ 24 be the invariant and co-invariant lattices of these two actions: by what we stated,T = T K3 ⊕ U andŜ = S K3 . The induced automorphismφ acts on In particular, all natural automorphisms can be considered as induced, since −2(n − 1) is the orthogonal in U of an element of square 2(n − 1) (see [40] ).
In §5 we will apply the theory of induced (and twisted induced) automorphisms to construct geometric realizations of several admissible triples for manifolds of type K3 [3] and K3 [4] .
4.3.
Existence for rk(T ) = 1. The global Torelli theorem (Theorem 2.7) can be applied to prove the existence of automorphisms of manifolds of K3
[n] -type realizing the pairs of lattices (T, S) classified in Proposition 3.15, i.e. for rk(T ) = 1.
Proposition 4.4. Let (p, m, a) be an admissible triple as in Proposition 3.15, for a certain n, and let T, S be the lattices associated to it; then, there exists a manifold X of K3
[n] -type and a non-symplectic automorphism f ∈ Aut(X) of order p such that T f ∼ = T and S f ∼ = S.
Proof. We discuss separately the four possible cases classified in Proposition 3.15, keeping the same numbering.
Case (2): (3, 11, 0). Here we have 2(n − 1) = 3β, with (3, β) = 1; the invariant and co-invariant lattices are T = β and S = U ⊕2 ⊕E
⊕2
8 ⊕A 2 , which by Proposition 3.15 can be seen as orthogonal sublattices of L = U ⊕3 ⊕ E ⊕2 8 ⊕ −2(n− 1) . We first construct a monodromy of the lattice L having invariant lattice T and co-invariant lattice S. The triple has a = 0, therefore L = T ⊕ S (see Remark 3.11): an isometry φ ∈ O(L) can then be represented as φ = γ ⊕ ψ, with γ ∈ O(T ) and ψ ∈ O(S). Moreover, since we want φ to be of order 3 with invariant lattice T , we will need γ = id T and ψ of order 3 with no non-zero fixed points.
By [2, Theorem 3.3] , there exist a K3 surface Σ and a non-symplectic automorphism ϕ ∈ Aut(Σ) of order 3 with invariant lattice T K3 = U and co-invariant
8 . Thus, the natural automorphism ϕ [n] on the Hilbert scheme Σ
[n] will have invariant lattice T ′ = U ⊕ −2(n − 1) and co-invariant lattice
meaning that the triple (3, 10, 0) is realized by a natural automorphism for all n ≥ 2. Moreover, since ϕ [n] has odd order, it induces a monodromy of L which acts as + id on the discriminant (Theorem 2.8) ; the restriction of this monodromy to S ′ is therefore an isometry µ ∈ O(S ′ ) of order 3, with no non-zero fixed vectors, such that µ = id A S ′ and sn S ′ R (µ) = 1. On our original lattice S = S ′ ⊕ A 2 we now consider the isometry ψ = µ ⊕ ρ 0 , where ρ 0 acts on A 2 = Ze 1 ⊕ Ze 2 ,
It is easy to check that ρ 0 is an isometry of order 3 without non-zero fixed points, inducing the identity on the discriminant group A A2 (this isometry was also used in [24, §6.6]). Notice that, since A 2 is negative definite, sn A2 R (ρ 0 ) = 1. We can then conclude that ψ = µ ⊕ ρ 0 is an isometry of S of order 3 with no non-zero fixed points and inducing the identity on the discriminant; moreover, since ψ is defined as an orthogonal sum, sn
R (ρ 0 ) = 1 (the reflections appearing in the factorisation of ψ R are the extensions to S R of the ones which factorise µ R and (ρ 0 ) R as transformations of the orthogonal subspaces S
thus, φ is a monodromy operator, thanks to Theorem 2.8, with invariant lattice T and co-invariant S. By generalizing [11, Proposition 5.3] , there exists a manifold X of K3
[n] -type and a marking η :
The monodromy φ is an Hodge isometry, since it preserves
Moreover, since rk(T ) = 1, φ fixes a Kähler class (the generator of η(NS(X)) = T ); the global Torelli theorem (Theorem 2.7) allows us to conclude that there exists an automorphism f ∈ Aut(X) such that η • f * • η −1 = φ. Case (1) : (3, 11, 1) . In this case, T = 6(n − 1) and S = U ⊕2 ⊕ E ⊕2 8 ⊕ A 2 . Now T ⊕ S is a proper sublattice of L, because a = 1; however, we can still consider the isometry φ = id T ⊕ψ ∈ O(T ⊕ S) defined above. Sinceψ = id AS , the isometry φ can be extended to Φ ∈ O(L) by [43, Corollary 1.5.2]. As explained in §3.1,
(see for instance the proof of [18, Proposition 3.5]). Thus, Φ ∈ Mon(L), and it still has invariant lattice T and co-invariant lattice S; we can now apply Theorem 2.7 in the same way as before to conclude that, also in this case, there exists an automorphism of a suitable manifold of K3
[n] -type inducing Φ. (23, 1, 0) and (23, 1, 1 ). These two cases can be realized by generalizing [9] , where the authors proved the existence of an automorphism of order 23 on a variety of K3 [2] -type, having invariant lattice T ∼ = 46 and co-invariant
Cases (3),(4):
In Proposition 3.15 we showed that, if a triple (p, m, a) with p = 23 is admissible, then m = 1 and a ∈ {0, 1}; moreover, in this case the two orthogonal sublattices of L are S ∼ = U ⊕2 ⊕ E if a = 0. We notice in particular that S does not depend on n; in [9, Proposition 5.3] it was proved that such lattice admits an isometry ψ of order 23 inducing the identity on
already an isometry of L with this property; otherwise, if a = 1, we apply again [43, Corollary 1.5.2]). Following the same proof of [9, Theorem 6.1], there exists an automorphism realizing the triple; we only point out that, while for n = 2 the monodromies of L are just the isometries preserving the positive cone, for higher values of n the isometry also needs to induce ± id on A L (see [37, Lemma 9.2] ). This, however, is not a problem since we know thatφ = id ∈ O(q L ).
We observed in §3.3 that the triple (3, 11, 0) is admissible for n = 4, therefore we can now conclude that it is realized by an automorphism: we mark this case with the symbol ⋆ in the corresponding table of Appendix A. We will see an explicit geometric realization of it in §6.1.
5.
Induced automorphisms for n = 3, 4, p = 3
The new admissible triples (3, m, a) that appear passing from n = 2 to n = 3 and, more significantly, to n = 4 (see §3.4 and Appendix A) cannot be realized by natural automorphisms. However, in this section we will show that all of them but one admit a realization using (possibly twisted) induced automorphisms, which were discussed in §4.2.
5.1.
Induced automorphisms for n = 4. Let T, S be the lattices associated to an admissible triple (3, m, a) for n = 4 such that S = S K3 , where S K3 is the coinvariant lattice of a non-symplectic automorphism ϕ of order 3 on a K3 surface Σ (see [2] for a complete classification of these lattices). LetT be the orthogonal complement of S in the Mukai lattice Λ 24 (see §4.2): since S = S K3 , we havê T ∼ = T K3 ⊕ U , with T K3 the invariant lattice of ϕ. Then the following result holds. Remark 5.2. Lemma 5.1 holds not only for n = 4, but for any n such that n ≡ 1 (mod 3), since this is the condition which guarantees the existence of an element of square 2(n − 1) in the lattice U (3). Proof. Except for the four cases excluded in the statement, the only admissible triples in Table 2 which cannot be realized by a natural automorphism and do not satisfy the hypotheses of Lemma 5.1 are (3, 8, 1), (3, 7, 0), (3, 4, 1) and (3, 3, 0) .
Proof. If
Consider the triple (3, 8, 1): here we have S = U ⊕2 ⊕ E ⊕2 6 and T = 2 ⊕ E 6 . By [2, Theorem 3.3] there exists a K3 surface Σ and a non-symplectic automorphism of order three ϕ ∈ Aut(Σ) with S K3 = S and T K3 = U ⊕A of square six and orthogonal complement v ⊥ ∩T isometric to T (see Proposition 4.3). We describe primitive embeddings 6 ֒→T using Theorem 2.6. The discriminant groups of the two lattices 6 andT are:
We consider the isometric subgroups H := 2s ⊂ A 6 and H ′ := t 1 + t 2 ⊂ AT . Let γ : H → H ′ be the isomorphism sending the generator of H to the generator of H ′ (both these elements have order three and quadratic form 2 3 mod 2Z). The graph of γ is the subgroup Γ = 2s + t 1 + t 2 ⊂ A 6 (−1) ⊕ AT and its orthogonal complement is Γ ⊥ = s + t 1 , s + t 2 . Passing to the quotient Γ ⊥ /Γ, the class of the element s + t 2 becomes the opposite of the class of s + t 1 , meaning that
This quotient coincides with the discriminant group of T = 2 ⊕E 6 : by Theorem 2.6, this implies that there exists a primitive embedding 6 ֒→T with orthogonal complement T , thus -by Proposition 4.3 -the triple (3, 8, 1) has an induced realization. Moreover, this computation guarantees that the triple (3, 4, 1) is also realized by an induced automorphism, since in this case both T = 2 ⊕ E 6 ⊕ E 8 and T K3 = U ⊕ A
⊕2
2 ⊕ E 8 differ from the ones of (3, 8, 1) only for an additional copy of the unimodular lattice E 8 .
With a similar approach it is possible to show that the admissible triples (3, 7, 0) and (3, 3, 0) are realized by induced automorphisms too: here T = 2 ⊕ E 8 ,
All the cases which can be realized by non-natural, non-twisted induced automorphisms are marked with the symbol ♮ in Table 2. 5.2. Twisted induced automorphisms for n = 3, 4. Both for n = 3 and n = 4, in §3.4 we have found admissible triples for p = 3 where the lattice S is different from all possible co-invariant lattices S K3 of non-symplectic automorphisms of order three on K3 surfaces, classified in [2] . Thus, we cannot realize these cases in a natural way, nor using induced automorphisms on moduli spaces of ordinary sheaves on K3's (Proposition 4.3). However, we prove that (excluding (3, 11, 0) for n = 4, which will be discussed in §6.1) they all admit a geometric realization using twisted induced automorphisms (see §4.2).
We are interested in the following triples (p, m, a): (3, 9, 5) and (3, 8, 6 ) for n = 3; (3, 10, 3), (3, 9, 4) , (3, 8, 5) for n = 4. For each of these cases, let T, S be the corresponding lattices in Table 1 (n = 3) or Table 2 (n = 4) of Appendix A. Notice that S is always of the form S = U (3)
⊕2 ⊕ W , where W is one of the lattices E
8 , E 6 ⊕ E 8 , E ⊕2 6 . Let Σ be a K3 surface with transcendental lattice Tr(Σ) = S K3 ∼ = U ⊕ U (3)⊕ W , where S K3 is the co-invariant lattice of a non-symplectic automorphism ϕ ∈ Aut(Σ) of order three: the existence of (Σ, ϕ) is guaranteed, in all cases, by [2, Theorem 3.3] and [2, Table 2 ]. This K3 surface has Pic(Σ) = T K3 ∼ = U (3) ⊕ M , for an even lattice M which is either 0, A 2 , A ⊕2 2 .
Proposition 5.4. Let S and (Σ, ϕ) be as above. Then there exists a ϕ-invariant Brauer class α ∈ Br(Σ) [3] whose kernel in Tr(Σ) is isomorphic to S.
Proof. As we recalled in §4.2, a Brauer class α ∈ Br(Σ) of order three corresponds to a surjective homomorphism α : Tr(Σ) → Z/3Z; it is ϕ-invariant if and only if α • ϕ * | Tr(Σ) = α. We consider α := (e 1 , −) : Tr(Σ) → Z/3Z, where e 1 is one of the generators of the summand U in Tr(Σ) ∼ = U ⊕ U (3) ⊕ W . The kernel of this homomorphism is ker(α) = K ⊕ U (3) ⊕ W , with K = {v ∈ U : (e 1 , v) ≡ 0 (mod 3Z)}: in particular K = e 1 , 3e 2 ∼ = U (3), thus ker(α) ∼ = S.
We now want to check that α • ϕ * | Tr(Σ) = α. By [2, Examples 1.1], recalling that W is a direct sum of copies of E 6 and E 8 , the action of the automorphism ϕ on Tr(Σ) ∼ = U ⊕ U (3) ⊕ W can be expressed as
where ρ is a suitable isometry of order three of W with no fixed points and π is the isometry of U ⊕ U (3) which, with respect to a basis {e 1 , e 2 , f 1 , f 2 }, is given by:
We have (e 1 , π(e i )) ≡ (e 1 , e i ) (mod 3Z) and (e 1 , π(f i )) ≡ (e 1 , f i ) ≡ 0 (mod 3Z), for i = 1, 2, therefore the Brauer class α is invariant with respect to ϕ.
Theorem 5.5. The admissible triples (p, m, a) = (3, 9, 5), (3, 8, 6 ) for n = 3 and (p, m, a) = (3, 10, 3), (3, 9, 4) , (3, 8, 5) for n = 4 admit a geometric realization using twisted induced automorphisms.
Proof. Fix a triple (p, m, a) as in the statement, let T, S be the invariant and coinvariant lattices associated to it and Σ, ϕ, α as in Proposition 5.4. We want to construct a moduli space M v (Σ, α) having T as Picard lattice and S as transcendental lattice, and on which ϕ induces an automorphism.
We are considering α of the form (e 1 , −) : Tr(Σ) → Z/3Z, where e 1 is a generator of U inside Tr(Σ) ∼ = U ⊕ U (3) ⊕ W . As a consequence, recalling §4.2, the element
is a B-field lift of α, with the properties B 2 = 0 and B · L = 0 for any L ∈ Pic(Σ).
Assume first that (p, m, a) is one of the three admissible triples for n = 4. We already remarked that Pic(Σ) = T K3 ∼ = U (3) ⊕ M : this means that we can find a primitive divisor H in the summand U (3) of Pic(Σ) with H 2 = 6. Moreover, up to taking its opposite we can assume that H is effective (by Riemann-Roch). Let v = (0, H, 0) ∈ H * (Σ, Z) be the primitive positive Mukai vector defined by H, and B = e1 3 the selected B-field lift of α: by the properties of B the twisted Mukai vector v B (defined in §4.2) coincides with v, and therefore it has square six and it is invariant with respect to ϕ.
By the previous discussion, ϕ induces a non-symplectic automorphism of order three on the moduli space of twisted sheaves M v (Σ, α), which is a manifold of K3 [4] type. The transcendental lattice of M v (Σ, α) is ker(α) ∼ = S (Proposition 5.4), while its Picard group is isomorphic to the intersection v ⊥ B ∩ Pic(Σ), (0, 0, 1), (3, 3B, 0) . Since 3B = e 1 ∈ Tr(Σ), the lattice generated by (0, 0, 1) and (3, 3B, 0) is orthogonal to Pic(Σ); moreover, it is isomorphic to U (3), by the fact that B 2 = 0. Thus
which is exactly the lattice T corresponding to (p, m, a) (see Table 2 ). Consider now the case where (p, m, a) is one of the admissible triples (3, 9, 5), (3, 8, 6 ) for n = 3. In this case Pic(Σ) ∼ = U (3) ⊕ A 2 ⊕ M ′ , therefore -if {e 1 , e 2 } is a basis for U (3) and {δ 1 , δ 2 } a basis for A 2 -we can take the primitive element of square fourH = e 1 + e 2 + δ 1 ∈ Pic(Σ). Let H be the effective divisor betweeñ H and −H; as before, v = v B = (0, H, 0) is a primitive positive Mukai vector invariant with respect to ϕ. Then ϕ induces an automorphism on M v (Σ, α), which is a manifold of K3 [3] -type with transcendental lattice ker(α) ∼ = S and
It can be shown that the orthogonal complement of
, which is the lattice T corresponding to the triple (p, m, a) in Table 1 .
To conclude the proof, we need to show that the automorphism induced by ϕ on M v (Σ, α) leaves the whole Picard lattice invariant. Both for n = 3 and n = 4, the direct summand U (3) in Pic (M v (Σ, α)) is the lattice (0, 0, 1), (3, 3B, 0) : ϕ acts as the identity on H 4 (Σ, Z), therefore (0, 0, 1) is fixed; moreover, it maps (3, 3B, 0) to (3, 3ϕ * (B), 0), but these two classes coincide in H 2 (M v (Σ, α), Z) since they correspond to each other via the Hodge isometry (equivariant with respect to the action of ϕ)
between the two Hodge structures of Σ defined by the B-field lifts B, ϕ * (B) of α (see [28, §2] and [20, Remark 2.4 ]; here we use B 2 = ϕ * (B) 2 = 0). Since ϕ * also fixes Pic(Σ), we get the result.
In Table 1 and Table 2 we use the symbol ♦ to mark the five admissible triples which can be realized only via twisted induced automorphisms. , where the orbit is taken with respect to the action of (GL 3 × GL 3 ) /∆, ∆ := {(tI 3 , tI 3 ) : t ∈ C \ {0}} (see [33, §3] ). Then, any curve C in the fiber a −1 (p) lies on S and is arithmetically-CohenMacaulay; the generators of the homogeneous ideal I C/S are the three minors of a 3×2-matrix A 0 , whose columns are independent linear combinations of the columns of A. The morphism Φ maps Z
As observed in [11, §6.2] , it is possible to construct non-symplectic automorphisms of the Fano variety of lines F (Y ) (which is a manifold of K3 [2] -type, by [8] ) starting from automorphisms of the cubic fourfold Y . It is therefore natural to ask whether a similar approach can be used to produce automorphisms on Z Y : the answer is positive, we will show how to do so and how to choose Y in order to construct a non-symplectic automorphism on Z Y realizing the admissible triple (3, 11, 0) for n = 4.
By [38] , automorphisms of a cubic hypersurface Y ⊂ P 5 are restrictions of linear automorphisms of P 5 ; in particular, the list of all automorphisms of prime order on smooth cubic fourfolds was provided in [25, Theorem 3.8] .
Lemma 6.1. Let Y ⊂ P 5 be a smooth cubic fourfold not containing a plane and σ ∈ PGL(6) an automorphism such that
Proof. We begin by looking at curves in the fibers of a over D ⊂ Z ′ Y . Let p ∈ D be a point corresponding to (y, P(W )), and C 1 , C 2 ∈ a −1 (p): as explained above, each C i consists of a plane cubic curve C 0 i , singular in y, together with an embedded point at y. In particular, C 0 i = π i ∩Y , with π 1 , π 2 two-dimensional subspaces inside P(W ) tangent to Y in y. Then, σ(C 0 i ) are again plane cubic curves, cut out on Y by two planes through σ(y) inside σ (P(W )) ⊂ T σ(y) Y . Letσ(C i ) be σ(C 0 i ), with the unique non-reduced structure at σ(y): thenσ(C 1 ),σ(C 2 ) are elements of M 3 (Y ) in the fiber a −1 (p ′ ), with p ′ defined by (σ(y), σ (P(W ))). Consider now a point p ∈ Z ′ Y \ D, corresponding to P(W ) ⊂ P 5 and the orbit of a 3 × 3-matrix A = (w i,j ), with w i,j ∈ W * . Denote P(W ′ ) := σ (P(W )) and let S be the integral cubic surface P(W ) ∩ Y , which is the vanishing locus in P(W ) of g := det(A) ∈ S 3 W * . Then, the surface σ(S) ⊂ P(W ′ ) is the vanishing locus of g •σ −1 , which is the determinant of the matrix σ * A := w i,j • σ −1 with coefficients in (W ′ ) * . Two elements C 1 , C 2 ∈ a −1 (p) are aCM cubic curves on S: the generators of I Ci/S are given by the three minors of a 3 × 2-matrix A i whose two columns are in the span of the columns of A. Then, σ(C 1 ), σ(C 2 ) are aCM curves on σ(S): by pullback, the generators of I σ(Ci)/σ(S) are the minors of σ * A i , whose columns are again linear combinations of the columns of σ * A. Thus,σ(C i ) := σ(C i ) ∈ M 3 (Y ), for i = 1, 2, belongs to the fiber of a over the point defined by P(W ′ ) and [σ * A].
As a consequence of Lemma 6. 
where ω F (Y ) and ω ZY are the symplectic forms on F (Y ) and Z Y respectively. The rational map ψ is defined as follows. Let (l, l ′ ) ∈ F (Y )× F (Y ) be a generic element, so that the span l, l ′ is a P 3 , and let x be a point on l: the plane x, l ′ intersects the cubic fourfold Y along the union of the line l ′ and a conic Q passing through x. Then C := l ∪ x Q is a rational cubic curve contained in Y : we set ψ(l, l ′ ) := u(C) ∈ Z Y , which is well-defined since all reducible cubic curves C arising from different choices of the point x ∈ l belong to the same fiber of u.
Lemma 6.2. Let Y ⊂ P 5 be a smooth cubic fourfold not containing a plane,
Proof. As we recalled, ψ(l, l
Thanks to this equivariance of the map ψ and the relation (4) we deduce that, if σ = id and σ acts non-symplectically on F (Y ), thenσ is also non-symplectic and of the same order of σ. Z Y and let V be a desingularization of Γ ψ . We consider the projections π F :
be the complexifications of the transcendental lattices of F (Y ) and Z Y respectively. If we define T := (π F ) * (π * Z (Tr C (Z Y ))), using relation (4) we deduce:
In particular, by the fact that ψ * (ω ZY ) ∈ T and the transcendental is the minimal Hodge substructure (in the second cohomology) containing holomorphic two-forms, (pr i ) * (T ) = Tr C (F (Y )) for i = 1 or i = 2. This implies that the ranks of Tr(Z Y ) and Tr(F (Y )) coincide.
6.1. The case of cyclic cubic fourfolds. Let σ ∈ PGL(6) be the following automorphism of order three: [35] ). By applying the AbelJacobi map H 2,2 (Y ) → H 1,1 (F (Y )) (see [8] ), the Picard group of F (Y ) would also have at least rank 2, while we know that Pic(F (Y )) ∼ = T ′ , for a very general choice of Y .
We can then construct the manifold Z Y , for Y very general in the family C, and considerσ ∈ Aut(Z Y ): by our remarks at the end of the previous subsection, it is a non-symplectic automorphism of order three. We obtain the following result as a corollary of Proposition 6.3.
Corollary 6.5. Let Y be a cubic fourfold in the family C not containing a plane andσ ∈ Aut(Z Y ) the automorphism induced by σ ∈ Aut(Y ) of the form (5) . Then, the invariant lattice ofσ is T ∼ = 2 .
Proof. As explained in Remark 6.4, the very general cubic fourfold Y ∈ C is such that F (Y ) has transcendental lattice of rank 22. This, together with Proposition 6.3, allows us to conclude that the invariant lattice ofσ has the same rank of the invariant lattice of the automorphism induced by σ on F (Y ), namely one; therefore, by Proposition 3.15, T ∼ = 2 .
At the end of this section we will present a more geometric proof of Corollary 6.5, using Theorem 6.8. In order to do so, we first need to study the fixed locus of the automorphismσ.
Let H ⊂ Fix(σ) be the hyperplane {x 5 = 0} ⊂ P 5 ; the intersection Y H := Y ∩ H is the smooth cubic threefold defined by Proof. Let j(y) be a point in the image of the embedding j : Y ֒→ Z Y such that σ(j(y)) = j(y). In the proof of Lemma 6.1 we showed thatσ ∈ Aut(M 3 (Y )) maps the fiber of u : M 3 (Y ) → Z Y over the point j(y) to the fiber over j(σ(y)). Therefore, sinceσ • u = u •σ, we need σ(y) = y, i.e. y ∈ Y H . We conclude where the first two columns form the matrix σ * A 0 , whose minors define the curve σ(C) ⊂ S.
The first column of σ * A 0 is a C-linear combination of the columns of A if and only if the following linear system of twelve equations admits a solution (h, k, t) ∈ C 3 :
(6)
a 0,j = ha 0,j + ka 1,j + tc 0,j for j = 0, 1, 2 a 1,j = ha 1,j + ka 2,j + tc 1,j for j = 0, 1, 2 a 2,j = ha 2,j + ka 3,j + tc 2,j for j = 0, 1, 2 ξ 2 b 0 = hb 0 + kb 1 + td 0 ξ 2 b 1 = hb 1 + kb 2 + td 1 ξ 2 b 2 = hb 2 + kb 3 + td 2
Notice that the system made of the last three equations always admits a unique solution, namely (h, k, t) = (ξ 2 , 0, 0). In fact, the determinant of its matrix of coefficients is different from zero, because it coincides with the coefficient of x 3 5 in the expression of the determinant of A (and σ * A), which needs to be a (non-zero) scalar multiple of g. Now, the triple (h, k, t) = (ξ 2 , 0, 0) is a solution for the whole system (6) only if a 0,j = a 1,j = a 2,j = 0 ∀j = 0, 1, 2, which is not possible since the matrix M needs to be invertible. We conclude that the columns of σ * A 0 can never be combinations of the columns of A if A 0 is of the form A (1) . The remaining cases, i.e. A 0 of the forms A (2) , . . . , A (8) of [33, §1] , can be discussed in an entirely similar way.
Let us fix a cubic fourfold Y ∈ C not containing a plane and choose a marking η 0 :
8 ⊕ −6 . We define ρ := η 0 • (σ)
0 ∈ O(L). Following [10] and [12] , a (ρ, 2 )-polarization of an IHS manifold X of K3 [4] -type is given by a marking η : H 2 (X, Z) → L and an automorphism g ∈ Aut(X) of order three such that g| H 2,0 (X) = ξ id and η • g * = ρ• η (in particular, the invariant lattice of g is isometric to 2 , by Corollary 6.5). We consider the following equivalence relation: two (ρ, 2 )-polarized eightfolds (X, η, g), (X ′ , η ′ , g ′ ) are equivalent if there exists an isomorphism f : X → X ′ such that η ′ = η • f * and g ′ = f • g • f −1 . Let M ρ,ξ 2 be the set of equivalence classes of (ρ, 2 )-polarized manifolds of K3 [4] -type and U ⊂ M ρ,ξ 2 the subset which parametrizes manifolds (Z Y , η,σ), with Y cyclic cubic fourfold not containing a plane and σ as in (5) .
For any smooth cubic threefold J ⊂ P 4 , we denote by Y (J ) the cubic fourfold which arises as triple covering of P 4 ramified along J . Using Proposition 6.7 we can prove the following result. 3, m, a) , where m − 1 coincides with the dimension of the moduli space U by [11, §4] . Since the dimension of U is ten, we can use Proposition 3.15 to deduce m = 11, a = 0; hence the invariant lattice ofσ is T ∼ = 2 .
